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The Clifford group is the set of gates generated by CNOT gates and the two local gates P =
(
1 0
0 i
)
and H = 1√
2
(
1 1
1 −1
)
. We will say that a n-qubit state is a Clifford state if it can be prepared
using Clifford gates, this is, |φ〉 is Clifford if |φ〉 = U |0 . . . 0〉 where U is a Clifford gate. In this
paper we study the set of all 4-qubit Clifford states. We prove that there are 293760 states and
their entanglement entropy must be either 0, 2/3, 1, 4/3 and 5/3. We also show that any pair of
these states can be connected using local gates and at most 3 CNOT gates. We also study the
Clifford states with real entries under the action of the subgroup CR of Clifford gates with real
entries. This time we show that every pair of Clifford states with real entries can be connected with
at most 5 CNOT gates and local gates in CR. Finally we show that the set of populations of these
states include all 16 possibilities of the form |i1i2i3i4〉, it includes all 120 possibilities of the form
1√
2
|i1i2i3i4〉+
1√
2
|j1j2j3j4〉, in other words, it includes all 120 possibilities where only two elements in
the canonical basis show up with equal probability 1
2
. It include only 140 possibilities where exactly
four elements in the canonical basis shows up with equal probability 1
4
. It include only 30 possibilities
where exactly 8 elements in the canonical basis shows up with equal probability and finally it include
the case where all the 16 elements in the canonical base show up with equal probability. Overall,
only 307 possible populations are possible. The link https://youtu.be/42MI6ks2_eU leads you to
a YouTube video that explains the most important results in this paper.
I. INTRODUCTION
Given two n qubit pure states, an interesting and diffi-
cult question in quantum computing is the one of finding
an “efficient” circuit that connects these two states. By
efficient we mean that the number of non local gates is
minimum. In this paper we answer this question for the
collection of 4-qubit Clifford states under the assumption
that we can only use gates from the Clifford group. The
way we study these states is by identify them using the
equivalence relation: |φ1〉 ∼ |φ2〉 anytime |φ1〉 = U |φ2〉
where U is a local Clifford gate. The quotient space of
this relation has 18 orbits, namely:
Λ = {S0, T12, T13, T14, T23, T24, T34, U 12
34
, U 13
24
, U 14
23
,
V1, V2, V3, V4,W,X 12
34
, X 13
24
, X 14
23
}
While the above notation may seem arbitrary, it has
the advantage of making clear the action of the Con-
trolled NOT gates on each equivalence class, as we will
see. Also, in the above notation, a subscript consisting
of two numbers is treated as an unordered pair; for in-
stance, T31 = T13. Also, a subscript consisting of two
pairs separated by a horizontal bar or slash is treated
∗ perdomoosm@ccsu.edu
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as an unordered pair of unordered pairs; for instance,
U43/12 = U 12
34
. We will use the overline S to denote
the complement of S with respect to 1234; for instance,
V124 = V3.
We also consider the set of all possible states that can
be generated by the set CR of Clifford gates with real
entries. These gates can be viewed as those generates
by CNOT gates, the Hadamard gate H and the X gate(
1 0
0 −1
)
. We prove that 8640 states are generated with
gates in CR and when we identify them to be equivalent if
there a local in CR that send one state into the other, we
obtain 29 orbits. We will explain how to navigate these
orbits using CNOT gates.
II. MAIN RESULTS FOR CLIFFORD STATES
The following table gives the size of each equivalence
class, as well as the entanglement entropy of its elements:
class type size entropy
S0 2
734 = 10368 0
Tab 2
833 = 6912 2
3
Uab/cd 2
932 = 4608 4
3
Va 2
834 = 20736 1
W 2834 = 20736 1
Xab/cd 2
934 = 41472 5
3
2Adding up the sizes of all 18 equivalence classes, we get
10368+6×6912+3×4608+5×20736+3×41472 = 293760,
which is therefore the total number of states.
The following diagram shows the connectivity with Con-
trolled NOT gates between the orbits:
S0
T14T13T12 T23 T24 T34
U 13
24
V3U 12
34
V4 V2 U 14
23
V1
W X 12
34
X 13
24
X 14
23
The results of applying each Controlled NOT gate on
the elements of each equivalence class are given by the
following table:
class type controlled NOT gate number of elements
used: CZ(i, j) mapped to each class
S0 all 5760 to S0
4608 to Tij
Tab ij = ab 2304 to Tab
4608 to S0
Tab ij = ac, bc 2304 to Tab
but ij 6= ab 4608 to Vabc
Tab ij = ab 3840 to Tab
3072 to Uab/ab
Uab/ab ij = ab, ab 3072 to Tij
1526 to Uab/ab
Uab/ab ij 6= ab, ab 4608 to Xab/ab
Va ij = ac 6912 to Va
4608 to W
9216 to Xac/ac
Va i 6= a, j 6= a 11520 to Va
4608 to Tai
4608 to Taj
W all 2304 to W
9216 to Xij/ij
4608 each to Vi, Vj
Xab/ab ij = ab, ab 13824 to Xab/ab
9216 each to Vi, Vj ,W
Xab/ab ij 6= ab, ab 18432 to each X,
other than Xij/ij
4608 to Uab/ab
III. MAIN RESULTS FOR CLIFFORD STATES
WITH REAL ENTRIES
The quotient space of this relation has 29 orbits, namely:
Λ = {Sr0 , T
r
12, T
r
13, T
r
14, T
r
23, T
r
24, T
r
34, U
r
12
34
, U r13
24
, U r14
23
,
V r1 , V
r
2 , V
r
3 , V
r
4 , Vˆ
r
1 , Vˆ
r
2 , Vˆ
r
3 , Vˆ
r
4 ,W
r, Wˆ r,
Xr12
34
, Xr13
24
, Xr14
23
, Xˆr12, Xˆ
r
13, Xˆ
r
14, Xˆ
r
23, Xˆ
r
24, Xˆ
r
34}
The following table gives the size of each equivalence
class, as well as the entanglement entropy of its elements:
3class type size entropy
Sr0 2
9 = 512 0
T rab 2
8 = 256 2
3
U rab/cd 2
7 = 128 4
3
V ra 2
9 = 512 1
Vˆ ra 2
7 = 128 1
W r 29 = 512 1
Wˆ r 26 = 64 1
Xrab/cd 2
9 = 512 5
3
Xˆrab 2
8 = 256 5
3
Adding up the sizes of all 18 equivalence classes, we get
9×512+12×256+7×128+64 = 8640, which is therefore
the total number of states.
The following diagram shows the connectivity with Con-
trolled NOT gates between the orbits:
Sr0
T r14T
r
13T
r
12 T
r
23 T
r
24 T
r
34
U r13
24
V r3U
r
12
34
V r4 V
r
2
U r14
23
V r1
W r X
r
12
34
Xr13
24
Xr14
23
Vˆ r4 Vˆ
r
3 Vˆ
r
2 Vˆ
r
1
Xˆr14 Xˆ
r
13 Xˆ
r
12Xˆ
r
23Xˆ
r
24Xˆ
r
34
Wˆ r
The results of applying each Controlled NOT gate on
the elements of each equivalence class are given by the
following table:
class type controlled NOT gate number of elements
used: CZ(i, j) mapped to each class
Sr0 all 384 to S
r
0
128 to T rij
T rab ij = ab 128 each to T
r
ab, S
r
0
T rab ij = ac, bc 128 each to T
r
ab, V
r
abc
but ij 6= ab
T rab ij = ab 192 to T
r
ab
64 to U r
ab/ab
U r
ab/ab
ij = ab, ab 64 each to T r
ab
, U r
ab/ab
U r
ab/ab
ij 6= ab, ab 128 to Xr
ab/ab
V ra ij = ac 256 to V
r
a
128 each to W r, Xrac/ac
V ra i 6= a, j 6= a 128 each to
V ra , T
r
ai
, T r
aj
, Vˆ ra
Vˆ ra ij = ac 64 each to Vˆ
r
a , Xˆ
r
ac
Vˆ ra i 6= a, j 6= a 128 to V
r
a
W all 128 each to
W r, Xˆr
ij
, V ri , V
r
j
Wˆ all 64 to Xˆr
ij
Xr
ab/ab
ij = ab, ab 128 each to
V ri , V
r
j , Xˆ
r
ij
, Xr
ab/ab
Xr
ab/ab
ij = ac, c 6= b 128 each to
U r
ab/ab
, Xr
bc/bc
, Xˆrab, Xˆ
r
ab
Xˆrab ij = ab 64 each to
Wˆ r, Xˆrab, Vˆ
r
a , Vˆ
r
b
Xˆrab ij = ac, bc 128 each to
but ij 6= ab Xˆr
bc
, Xr
ab/ab
Xˆrab ij = ab 128 each to W
r, Xr
ab/ab
IV. CONCLUSION
1. This paper can be viewed as a continuation of the
paper [4]. One of the main differences is that the
local group of Clifford gates for 3 qubits is consid-
erable smaller than its corresponding group for 4
qubits. For this reason, while the orbits for the
3 qubits Clifford states were obtained by directly
multiplying by the group of local gates, for the
case for 4 qubits we have used the following pro-
cedure: (i) We took a set of gates G that gener-
ates all local Clifford gates. (ii) Given the state
|φ0〉, we computed the set Λ1 = {g|φ0〉 : g ∈ G},
Λ2 = {g|φ〉 : g ∈ G , |φ〉 ∈ Λ1}, . . . until
Λi+1 = Λi. It is not difficult to show that Λi is
the orbit that contains the state |φ0〉.
42. It is known that there are not 4 qubit states that
are absolutely maximal entangled (AME), this is,
it is impossible that have a 4 qubit state with re-
duced density matrices of all six pairs of qubits be-
ing a multiple of the identity matrix [1]. An AME 4
qubit state would have entanglement entropy equal
to 2 and as we have just mentioned, this value is not
reached. So far, the maximum known value for the
entanglement entropy is ln(12)/ ln(4) ≈ 1.792 . . . .
The maximum value for the entanglement entropy
among the Clifford states is 5/3 ≈ 1.666 . . . . More-
over the only possible values for the entanglement
entropy defined on the Clifford 4 qubit states are
0, 2/3, 1, 4/3 and 5/3.
3. Since there are 29 orbits when we consider the Clif-
ford states with real amplitudes and only 18 orbits
for the Clifford states, we conclude that there ex-
ist pair of 4 qubit states with real amplitudes that
can be connected with a Clifford gate but not with
a Clifford gate with real entries. These pair of 4
qubits do not exist among the orbits S0, Tab, Uab/ab.
They do exists for the rest of the orbits and they
are responsible for the splitting of states with real
amplitudes in W into the orbits the sets W r and
Wˆ r, those in Xab/ab into the sets X
r
ab/ab
, Xrab and
Xr
ab
, and those in Va into V
r
a and Vˆ
r
a .
4. Any pair of Clifford states can be connected using
local gates and at most 3 CNOT gates. Any pair
of Clifford state with real amplitudes can be con-
nected using local Clifford gates with real entries
and at most 5 CNOT gates.
5. The population distribution in each Clifford is
uniform. Moreover the values of the probabili-
ties are {1}, {1/2, 1/2} or {1/4.1/4, 1/4, 1/4} or
{1/8. . . . , 1/8} or {1/16. . . . , 1/16}.
6. Let us denote by |0〉 = |0000〉, |1〉 = |0001〉, . . . ,
|15〉 = |1111〉. Even though the set of Clifford
states contains all the populations of the form |i〉
with i = 0, . . . , 15 and all the possible populations
of the form 1√
2
(|i〉 + |i〉) with i 6= j, we have that
not every state of the form 1
2
(|i〉 + |i〉 + |k〉 + |l〉)
is reached. Neither are all the possible combina-
tions of those with 1
8
uniform probability or all the
possible combination with 1
16
uniform probability.
V. APENDIX
In order to describe each one of the orbits we only need
to display one qubit state in each orbit. The following
table presents these states.
class type a qubit state in it
S0, S
r
0 |0000〉
T12, T
r
12
1√
2
(|1110〉 − |1101〉)
T13, T
r
13
1√
2
(|1110〉 − |1011〉)
T14, T
r
14
1√
2
(|1101〉 − |1011〉)
T23, T
r
23
1√
2
(|1101〉 − |1011〉)
T24, T
r
24
1√
2
(|1101〉 − |0111〉)
T34, T
r
34
1√
2
(|1011〉 − |0111〉)
U12/34, U
r
12/34
1
2
(|1111〉+ |1100〉 − |0011〉 − |0000〉)
U13/24, U
r
13/24
1
2
(|1111〉+ |1010〉 − |0101〉 − |0000〉)
U14/23, U
r
14/23
1
2
(|1111〉+ |1001〉 − |0110〉 − |0000〉)
V1, V
r
1
1√
2
(|1001〉 − |0111〉)
V2, V
r
2
1√
2
(|1010〉 − |0111〉)
V3, V
r
3
1√
2
(|1100〉 − |0111〉)
V4, V
r
4
1√
2
(|1100〉 − |1011〉)
Vˆ r1
1
2
(|1100〉 − |1010〉 − |0110〉 − |0000〉)
Vˆ r2
1
2
(|1100〉 − |1001〉 − |0101〉 − |0000〉)
Vˆ r3
1
2
(|1010〉+ |1001〉 − |0011〉 − |0000〉)
Vˆ r4
1
2
(|0101〉+ |0101〉 − |0011〉 − |0000〉)
W, W r 1√
2
(|1000〉 − |0111〉)
Wˆ r 1
2
√
2
(|1110〉+ |1101〉+ |1011〉 − |1000〉
+|0111〉 − |0100〉 − |0010〉 − |0001〉)
X12/34, X
r
12/34
1
2
(|1111〉+ |1100〉 − |0011〉 − |0000〉)
X13/24, X
r
13/24
1
2
(|1111〉 − |1010〉 − |0101〉 − |0000〉)
X14/23, X
r
14/23
1
2
(|1111〉 − |1001〉 − |0110〉 − |0000〉)
Xˆr12
1
2
(|1100〉 − |1011〉 − |0111〉 − |0000〉)
Xˆr34
1
2
(|1110〉 − |1101〉 − |0011〉 − |0000〉)
Xˆr24
1
2
(|1110〉 − |1011〉 − |0101〉 − |0000〉)
Xˆr14
1
2
(|1101〉 − |1011〉 − |0110〉 − |0000〉)
Xˆr13
1
2
(|1101〉 − |1010〉 − |0111〉 − |0000〉)
Xˆr23
1
2
(|1110〉 − |1001〉 − |0111〉 − |0000〉)
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